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Abstract 

In this paper, using a quantum superalgebra associated with 
the universal central extension of sl(2|2)(^\ we introduce new R- 
matrices having an extra parameter x. As x — > 0, they become 
those associated with the symmetric and anti-symmetric tensor 
products of the copies of the vector representation of Uqsl{2\2)^^\ 

(Received: 



I. INTRODUCTION 

The Yang-Baxter equation (YBE for short) has played important 
roles in study of statistical mechanics, knot theory, conformal field theory 
etc.,^ and many of its solutions are associated with finite dimensional irre- 
ducible representations of quantum affine algebras^'^ and super algebras.^ 
We call the solutions of the YBE the R-matrices. 

If a finite dimensional simple Lie superalgebra is A{m,n), B{m,n), 
C(n), D{m,n), F(4), ^(3) or D(2, l;a) {a ^ 0, -1), it is called a hasic 
classical Lie superalgebra^'^ (BCLS for short). We first recall that A{m, n) 
coincides with sl(m-|-l|n-|-l) if and only iim ^ n, and that sl(m-|-l|m-|-l) 
is a one dimensional central extension of A{m, m). Let g be a BCLS and 
the universal central extension (UCE for short) of q. We also recall that 
= if 7^ A(m, m) for any m, and that A(m, m) — sl(m-|-l|m-|-l) (m > 
2) and ^4(1, 1) = 0. Here is the Lie superalgebra called D{2, 1; — 1).^ 
The 5 is a two (resp. three) dimensional central extension of sl(2|2) (resp. 
A{1, 1)). The UCE of C[i,r^] is given by the affine version J^^^ = 
® C[t, © Cc of 0.^ Motivated by this fact, we direct our attention to 
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the quantum superalgebra UqD^^^ (strictly speaking, U — Uql)^^^) in order 
to give new i?-matrices R{u, v; x) satisfying the (twisted) YBE: 

(R(v, w;x)0 ® R(u, w; q''x))(R(u, v;x)®I) (1) 
= (/ (g) R{u, v; q''x)){R{u, w; x) ® /))(/ (g) R{v, w; 

for some integer n, where u,v, x e C are continuous parameters. This can 
be viewed as a quantum dynamical YBE (see Appendix) . The i?- matrices 
we will give are such that as x ^ 0, they become the [/qSl(2|2)(-^) R- 
matrices^'^~^° associated with the symmetric and anti-symmetric tensor 
products of the copies of the vector representation cp of Uqs\{2\2)^^\ One 
of our tools is a four dimensional irreducible representation of U with 
the parameter x such that po = ip o where p : U ^ t/gsl(2|2)(^) is the 
natural epimorphism. 

The paper is organized as follows. In Section 1, we introduce U and 
Px- In Section 2, we give R{u, v; x) associated with p^. In Section 3, we 
give all the R{u, v; x)'s mentioned above using the fusion process. 
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II. A CENTRAL EXTENSION OF t/^sl(2|2)(i) 

Let E = (Bf^oCsi be the five dimensional vector space. Define the 
symmetric bihnear form ( , ) on £^ by {eo, £o) = 0, (si, £i) = (£2, £2) = 1, 
(£3, £3) = (£4, £4) = —1 and (sijEj) — {i ^ j). Let ao :— £0 — £i+£4 and 
ai := Si — Si+i (1 < i < 3). Define the parity p{ai) to be (4— (q^, Qi)^)/4. 
Then the Cartan matrix of ^4(1, 1)^^^ is given by the 4x4 matrix (aij), 
where aij = 2{ai, aj)/ {{ai, ai) + 2p{ai)). 

Throughout this paper, we assume e C to be such that q ^ and 
^ 1 for every positive integer r. Let U — Uqi)^^^ be the associative 
C- algebra presented by the generators s, Kf, -Ej, -Fj (0 < i < 3) and the 
defining relations: 

= 1, sKiS = Ki, sEiS = sFiS = (-If^'^^F,, 

KiK-^ = 1, KiK^ = KjKi, 
KiEjR-^ = q^'^^'^^i^Ej, KiFjKr^ = q-^'^'''^J^Fj, 
[Ei, Fj] = Sij -^^^q-i if is "^i*^®^ (2' 0) "or (0, 2), 
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where [Ei,Fj] := EiFj - and Z{U) is the center of U. 

We view U as the (non-Z2-graded) Hopf algebra with the comultiphcation 
A:U^U(S>U satisfying: 

A{Ei) ^Ei®l + KiS^^"^'^ ®Ei + Sioiq - q-^)s[Eo, F2] E2, 

A{Fi) = ® K-^ + ®Fi- 6io{q - q'^)F2 ® [E2, Fq]. 

We do not give the antipode and the counit; we do not need them. We de- 
fine A("-i) : U U®'' by letting A^^) = A and A^™) = (id^® A^""^)) o A 
(m > 2). 

Remark: (1) The above comultiphcation is not standard. Taking the 
twisting^^ for the C/, we get the standard comultiphcation of a quantum 
superalgebra defined for a Dynkin diagram other than the one associ- 
ated with the Cartan matrix [aij] (see above); the A(l, 1)^-^) has the two 
Dynkin diagrams. 

(2) Let U' be the subalgebra of U generated by K^, Ei, Fi. Then 
U — U' ® U's. There exists a nonzero ideal J of U' such that U' / J 
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can be regarded as UgD^ '. We can get generators of J in the same way 
as in Ref. 12. By the same argument as in the proof of Theorem 8.4.3 
of Ref. 12, we can get the natural epimorphism from UgD^^^ to C/qsl(2|2)(^\ 

Let Vx = be the four dimensional vector space, where x e C is a 
parameter. Put 9{i) :— (1 — (£j,£j))/2. Define the irreducible represen- 
tation px : U —> End{Vx) by: 

4 4 

Px{Eo) — -E'41, Px{Ei) — E12, 

Px{E2) = E22, + xEii, px{E^) = -B34, 

Px{Fq) = -Eli - xq~'^E32, px{Fi) = -E21, 

p,(F2) = £;32, P.(F3) = -£;43. 

Let C/° = C/gO be the subalgebra of U generated by s, Kf, Ei, Fj 
(1 < i < 3). Define the vector subspaces Vx^^ = Vx^l (i 1, 2) of 
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by 

:= C(e3 ® 63) ® C(e4 ® 64) 

® C(e, (8) ej - (-l)^«^(^\e,- (g) 
+(^a(^j2(g^ye3 ® 64 + xe4 (g) 63)) 

and 

:= c(ei ® ei) ® C(e2 ® 62) ® C(ei ® e,- + (-l)''«^(^')g-ie,- ® e,). 

i<j 

Lemma 1: Vx^^ is an irreducible -module. Moreover Vx ®Vy is 
a completely reducible U'^ -module if and only if y = qx. If this is the 
case, Vx'^^ is an irreducible -module which is not isomorphic to Vx^\ 
in particular, Vx ® Vqx has an irreducible U^-submodule decomposition 

Proof: For each 1 < i < 4, the weight space including (g) is one 
dimensional. Hence, iiVx<^Vy is a completely reducible C/°-module, there 
exists an irreducible C/°-module including Ci^Ci. Using this fact, we can 
check the lemma directly. □ 
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III. i?-MATRIX FOR THE VECTOR REPRESENTA- 
TION 

Define P^^ e End(l^, V^,) {i = 1, 2) by Pi'V) = ^H'" e Vx^)- 

Put 

lP{u, V- x) := (g^ii - v)P^'^ + (g^^; - u)P^^\ (2) 
where li, e C. Then: 

lP{u,v]x) (3) 

2 4 

i=l i=3 

+ - 1) ^(v^^n + -u^^j-j- Eu) 



-q(u-v)J2{-lf^'^'^^^E,j®Ej, 
+x{q^ -l){u- v){qE^i (g) E42 - ^^^32 ® ^4i 
-£;4i ® E32 + qE42 0Esi). 

For ueC, define x„ G Aut(^7) by Xu{s) = s, Xu{Ki) = K^, Xu{Ei) = 
u-^'°Ei and Xu{Fi) = u^'°Fi. Put pu,v,x := (Px®Pga;)o(x««'X^;)o A. Using 
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and Lemma 1 , we can directly check that: 

R°{u, v; x)pu,v,xi^) = pv,u,x{^)R^{u, v; x) (4) 

for X eU. 

Theorem 1: The BP{u,v]x) satisfies the YBE in the form of (OJ) 
with n = 1. 

Proof: Let F^, H[ (0 < z < 3) be the Chevalley generators of 
sl(2|2)*^^). Then there exists a representation 1})^ '■ sl(2|2)'^^) End(C^) 
sending E[, F^, H[ to the hmits of p^oXu{Ei), p^oXuiFi), {q-q'^T^Px^ 
Xu{Ki - K^^) as (g, x) — > (1,0), respectively. Notice that i}) := '?/'iisi(2|2) 
is an irreducible representation of sl(2|2) and that there exist a highest 
root vector E'^_^_^^^^^^ and a lowest root vector E'_^^^_^^^j^^_^^ of sl(2|2) 
such that 

Then, using (0]), together with the same argument used in the proof of 
Proposition 3 in Ref. 3, we get the theorem. □ 
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IV. i?-MATRIX FOR THE (ANTI-)SYMMETRIC TEN- 



SORS 

Here we use a similar process to the fusion process. To begin 
with, we recaU some facts^^'^^ about the Hecke algebra Hn{q^) associated 
with the symmetric group Sn, the Hn{q^) is the associative C-algebra 
presented by the generators hi {1 < i < n — 1) and the defining relations: 
{hi - q^){hi + 1) = 0, hihi+ihi = hi+ihihi+i and hihj = hjhi {\i - j\ > 
2). We abbreviate Hn{q^) to H. We know that there exists a C-basis 
{h{a)\a G Sn} of H such that h{\) = 1, h{ai) = hi and h{a'a) = 
h{a')h{a) if i{a'a) — £{a') + Here (Tj is the simple transposition 

1) and i{a) is the length of a with respect to (jj's. 

Put 

Then /ije+ = Q'^e+, /ije_ = — e_ and 



(6) 
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Now we treat i?-matrices. Let Wx ■= Vx Vqx ® ■ ■ ■ ® Vqn-i^. Put: 

By Theorem 1 , we can define R{a;x\a) e End(l^i"^), a G (C^)" and 
(7 E Sn, inductively by 

R{a]x\l) = /®", R{a]x\ai) = Ri{ai,ai+i]x) 

and 

R{a; x\a'a) = R{a[a]; x\a')R{a; x\a) if i{a'a) = i{a') + i{a), 

wliere a[a] := (ao-i(i), . . . ,ao-i(„)). By Tfieorem 1 and (H)), tliere exists 
a unique representation ir^^ : H — > End( wi"''*) sucli tliat Ri{u,v;x) = 
i^^x\uhi - vq^hi'^). 

Let p± := (l,g^^...,g^2(n-i)^) ^ Let 7„ G ^„ be sucli tliat 

7n(i) = n - 2 + 1. 

Lemma 2: Let u E C Then: 

^(Mp±;x|7n)=w'^""^a±(g)7r(")(e±) 

for some a±{q) G C^. 
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This can be checked directly; a similar formula has been given in Sec- 
tion 5 in Ref. 14. 



Let V±^x '■= T^x {e±)Wx ■ By (jHI), d±{n) := dim Vj-^^. does not depend 
on q or x. For a G (C^)", define the representation pa^x '■ U End{Wx"'^) 
by 

Pa,x := (Px ® ■ • ■ ® Pq"-^x) O (Xai ® " " " ® XaJ ° A^""^^ 

By (jH), we have: 

R{a; x\a)pa,x{X) = p^ia],x{X)R{a; x\a) (7) 

for X ^ U. By Lemma 2 and ((Tj), we may define the representation 

pti"'^ '■ U 'End{V±,x) by pt',x''\x) = p^„[up±],x{X)\v±,^- Notice that 

Pjf ^ = Ptt^ ° Xu. (8) 

We have a representation ■i/'^'*-"'' : sl(2|2)'^^) — > End(C'^±''"^) sending 
El, Fi Hi to the limits of p^i"^(^i), p^i"^(F,), (g - q-^)-^ pti''\Ki - 
Kf^) as {q,x) — > (1,0). Define the representation of sl(2|2) to be 

si{2|2)- Then (resp. is the ri-fold symmetric (resp. 
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anti-symmetric) tensor product of the vector representation of sl(2|2). 
By Ref. 18, we have: 

Lemma 3: The is irreducible. Moreover d±{n) ^ 0. 

Define r e S^n by T(i) = i+n, T(n+i) = i (1 < i < n). For 5, /i G C", 
let 5^ U /i := (^fi, . . . , Qn, hi, . . . , hn) G C^". Let Sn be embedded into 5'2n 
in the natural way. By Lemma 2 , we have: 

R{ln[up±] U 7„[^;p±]; x|T)(7r(")(e±) « 7rJ"i(e±)) 



a±(g)2 



R{ln[up±] U Tnf-ypi]; x|T)i?(Kp±; a;|7„)i?('t;p±; a;|T7„T) 
^(-upi U vp±;x|7„T7„) 

-R(vp±; a;|7„)^(Mp±; a;|r7„r)^(Mp± U vp±; x\t) 



= (vri"He±) ® 7rJ„t(e±))i?(Ml?± U t;p±; a;|r) . 
Hence we may put: 

Let pji;^"^ := (pj'i''^ (g) pj^l"]) o A. Notice that 

(9) 
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By dZD and Q, we have: 

i?±'(")Kt;;x)pJf )(X) = p±f )(X)i?±'(")Kt;;x). (10) 

for X eU. 

Theorem 2: The R^'^'^\u^ v; x) satisfies the YBE in the form of (OJj. 

Proof: By ©, we have m^±'(")(^;,+,,+,3) = ^J'^^H^o) and 
M-V^'(")(^i(,,+,,+„3)) = V^^'^"^(^o). Noting this fact and using 
(imp and Lemma 3 , together with the same argument as in the proof of 
Proposition 3 in Ref. 3, we have the theorem. □ 
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APPENDIX: A QUANTUM DYNAMICAL i?-MATRIX 

Here we show that the R'^'^"'\u, v; x) can be viewed as a dynamical 
i?-matrix. Let f) be a finite dimensional commutative Lie algebra. Let 
y be a finite dimensional diagonalizable ()-module, i.e., V = (Bnet)*Vix, 
where := {v\h.v — ii{h)v}. We say that a (meromorphic) function 
R' : C"^ xi)* —> End{V <^V) is a quantum dynamical R-matrix ii it satisfies 
the quantum dynamical YBE (see Ref. 19 for example): 

{R'{v,w,X)0 I)R'23iu,w,X- h^^^){R'{u,v,X)0l) 

u, w, 

where R'^^iu, v,X- h^^^) e End(V®3) jg defined by 

Let i)" = C and let f)" act on C^i^") by z.v = -nzv. Let a e C 
be such that e" = q. Define R" : x (f)")* ^ End(C''±(") (g) C^i^")) 
by R"{u,v,X) = ^±'(")(M,'t;;e"^(^)). By Theorem 2 , R" is a quantum 
dynamical i?-matrix. 
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